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Abstract 

We present a Hamiltonian formulation of the Schwinger model on the circle in Coulomb gauge as a 
semi- bounded self-adjoint operator which is invariant under the modular group M = Z of large gauge 
transformations. There is a nontrivial action of At on fermionic Fock space "Ho and its vacuum which 
plays a role analogous to that of the spectral flow in the formalism involving the infinite Dirac sea. 
The formulation allows (i) a description of the anomaly and its relation to this group action, and (ii) 
an explicit identification of the interacting vacuum which arises after the destabilization of the non- 
interacting vacuum in Ho. 
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1 Introduction 

The Schwinger model is two dimensional quantum electrodynamics with massless fermions. The action 
functional is 

S = J —F^F^ + dxdt, % = 7 M (cV - lea^) (1.1) 

describing the interaction of a Dirac spinor field ip with an electromagnetic potential a^dx 11 with associated 
electromagnetic field Fu U = d^a v — d v a^. The model was shown to be formally solvable by Schwinger 50 
years ago in [11], and to possess the interesting property that although the classical field theory describes 
massless particles, the quantum field theory describes scalar bosons of mass ej\pK. This feature is closely 
related to the presence of an anomaly, i.e. a symmetry of the classical theory which is not shared by the 

quantum theory (in this case chiral phase rotation ip i— > e %1 e ip). A mathematical expression of the anomaly 
is that there is a current j 5 ^ 1 associated to the symmetry which is classically conserved (i.e. divergence free) 
but in the quantum theory satisfies 

d^ = --E, (1.2) 

where E — a — dao is the electric field. 

In this letter we consider the Schwinger model on the circle in Coulomb gauge, as in [9], with particular 
attention paid to the role of the modular group M. of "large" gauge transformations which are left unfixed 
by Coulomb gauge. But in contrast to the infinite Dirac sea formalism of [9] we use a positive energy 
representation (for the fermion field) which allows a formulation of the H ami ltonian as a self-adjoint operator 
in a mathematically precise way, via classical bosonization results from [8lll4j. The interest lies in the rigorous 
and transparent explanation of the anomaly, and the related appearance of the mass e/y/n, in terms of a 
nontrivial action of Ai on the non-interacting Fock vacuum - this latter action replaces the role played by 
the spectral flow in the infinite Dirac sea formalism for the anomaly given in [9]. 

In this sec tion we introduce as basis for the discussion the expression for the seco nd q uantized Hamiltonian 
((HHSJ-dHH])) which is derived fr om Schwinger gauge invariant regularization in |12j . As a starting point 
we take the Hamiltonian formulation of the classical Schwinger model. We work in 1 + 1 dimensional space- 
time with coordinates (t, x) and metric dt 2 — dx 2 , with < x < L and periodic boundary conditions. 



The dependent variables are a Dirac field ip(t, x) G C 2 and an electromagnetic connection form a^dx^ — 
aodt + adx. The gauge transformations act as 



ip — > e l9 if> and a M —¥ a M + d^g 

where g = g(t, x) is a sufficiently regular function which is L periodic in x. As in [5] we will work in the 
Coulomb gauge, in which the spatial component of the connection a depends only on time so that the 
expression for the electric field E = a — dao is in fact the decomposition into the longitudinal and transverse 
components: E long = —dao and E tr — a respectively. The time component ao is integrated out via the 
Gauss law leading to the following classical Hamiltonian in the zero mass case: 

L 1 1 

— 7 d 2 - $ (i-f 5 (d - ia)ip) + -e^^X-A)- 1 * Mty) dx . (1.3) 
2e 2 

Here (— A) -1 means the kernel of the operator —A = — d 2 on [0,L] with periodic boundary conditions, * is 
convolution and d = d x . Notice that the longitudinal component of the electric field has been integrated out 
leaving only the transverse component E tr = d. We use the following form of the gamma matrices: 

A). !)• '-v-(* J)- <"> 

and we will use dots (resp. d) to indicate derivatives with respect to t (resp. a;). 

Remark 1 Notice that, in contrast to the case when space is the whole real line, the periodicity requirement 
means it is not possible to choose a gauge in which the spatial component of the connection a is actually zero, 
only spatially constant. However in this formulation there is a residual gauge invariance by the modular 
group 

M=Z = { 9N (x) = e 2 " Nx ' L } N£Z 

of large gauge transformations. Notice as a first consequence a is now defined mod lixjL so that it is now 
taking values in the circle S 1 — M./(2tt/L) which is dual to the spatial domain M./L. We shall see that a 
careful treatment of the residual component of the potential a = a(t) and invariance under the group M. 
illuminates greatly the role of gauge invariance in producing the anomaly and the interacting vacuum. 

The classical equations of motion associated to ()1.3[) are 



iip = —vy (dip — iaip) — a^ 

e 2 r L (1-5) 

E tr = — / VW'dx, d = E tr , 



L Jo 

where ao is determined by the Gauss law constraint — Aao = — e 2 i/j'ip = — e 2 j° . We will write j° = ip^tp and 
j 1 = tp^ 5 ip for the currents and Q — j Q L j° dx ,Q 5 = J Q L j 1 dx for the corresponding charges. In order that 
the Gauss law admit a periodic solution it is necessary that Q = 0, so that throughout it will be assumed that 
the total charge is zero. In the classical theory both the electromagnetic current j = = ipj 11 ^ = (j°, j 1 ) 
and the axial current j 5 ' M = ip^^j 5 tp = (j 1 ,^ ) are conserved, but in the quantum theory only the first of 
these properties holds - the conservati on la w for j 5 is replaced by the anomaly equation (II .2)1, see ^HJ As 
a first intimation of the connection of (|1.2p with mass generation notice that together with (|1.5p it implies 

that the electric field satisfies (□ + —)E = in place of DE = - thus the anomalous right hand side of 
(ll.2j) generates a mass e / y/n. However rather than start with (|1.2j) we will approach the problem through 
the Hamiltonian, and the reason for the anomaly will appear in $2] as a consequence of defining a regularized 
Hamilt onia n which is invariant under the action of M. ; see also the comments at the end of section [BJ in 
which (|1.2j) is finally derived. 

To quantize the theory it is necessary to associate operators to the fields which satisfy the canonical 
relations: 

{tp a (t,x),iljl(t,y)} = S a p5(x - y) (1.6) 
(other anti-commutators being zero), and 

. o 
IP 

[E tr ,a] = [a,a] = ~ (1-7) 



(other commutators being zero). For the latter we will use the Schrodinger representation in which a is 

2tt 



represented by coordinate multiplication on L 2 ([0, ^]), while 



E tr = - — — 
L da 

In the absence of interaction with any matter fields the electromagnetic field is described by the Hamiltonian 
H em = —ji-^z on L 2 ([0, ^]) with periodic boundary conditions - the large gauge transformations described 
in remark [T| are the reason that periodic boundary conditions are appropriate. We shall see below how these 
boundary conditi ons a re modified in the presence of interactions with fermionic matter. 
The relations (|1.6|) are interpreted in the positive energy representation by writing 

with 

{b n ,bl} = {c n ,cl}=S nn , (1.9) 
(other anti-commutators being zero) and 



u n = u R t {n > 0} + m L 1{„<o} 
v n = u R t {n>0} + u L l{ n < } 



(1.10) 



The u L ' R are eigenvectors of j 5 with j 5 u R = u R and ^u L = —u L . The , b m (resp. cj^ , c m ) are fermionic 
(resp. ant i- fermionic) creation, annihlation operators acting on the zero charge fermionic Fock space Hq. 
The total Hilbert space for the theory can now be defined as 

K = {* = 9(a) £W„:*e L 2 ([0, ^};H )} , (1.11) 

with norm defined by W^Wj^ = J L \\9\\ da where || • || is the Fock space norm. Recall the fermionic Fock 
space: there is a (non-interacting) vacuum f2o and associated finite particle states 

fi m ,n=n & ™ I C «^0 (1-12) 

where m = {m,i}f£ 1 and n = {rij}jL 1 range over subsets of Z of arbitrary finite size. (In (|1.12j) and similar 
formulae it will be assumed that products of creation/ annihlation operators are ordered from left to right 
as the indices m, or n,- increase. This fixes the overall sign.) Let J- be the linear span of all the Q m , n , let 
J-q C T be the zero charge subspace in which there are equal numbers of fermions and anti-fermions, i.e. 
M = N. The zero charge Fock space Ho is the completion of in the Fock space norm || • || , and the vectors 
in (|1.12[) constitute an orthonormal basis. There is a self-adjoint operator which extends the operator given 
on Tq by 

n>0 n<0 n>0 n<0 

which will also be denoted Q 5 ; it will be referred to as the axial (or chiral) charge operator. Define J- R C 
J-q = {Ker (Q 5 — 2P)} n J-q. The corresponding completions are denoted H P , and are the orthogonal 
eigenspaces arising in the spectral decomposition of Q 5 . 

We define the unexcited states ftp in the case when M — N = P E Z + as follows. The case P = 
corresponds to the vacuum Qq. For P > let m, = rii = i for < i < P, and define the unexcited state 

p p 

= n n b U c -n^o (p g z+) ; (Lis) 

for P < and M = N = —P let m, = n, = — i for < i < —P, and define the unexcited state as 

p p 

^=n n b L c -n^o (pez--{o». (i.i4) 



The representation of (|1.6[) used in (|1.8I) is a positive energy representation in that the free Dirac Hamiltonian 

H° D = E„ ieZ \k m \ (blb m + clc m ) > . 

In the process of quantizing it is necessary to define carefully what is meant mathematically by the various 
formal expressions for bilinear quantities such as those for the axial charge and the Hamiltonian itself, which 
involve products of what are at best operator valued distributions. As emphasized in the definition needs 
to be chosen carefully to ensure gauge invariance is maintained. The least intrusive way of doing this seems 
to be by Schwinger regularization (point-splitting), and the relevant computations are presented in some 
notes available online ([12 ). The endpoint of this is the following formula for the regularized Hamiltonian: 
H = H Q + : H cou i : , where 

Ho = + J2 l fc ™l ( b l b ™ + c «,c m ) - ^ - aQ^ , (1.15) 

and 

H coul = ^ E if(-m)j°(m) (1.16) 
is the Coulomb energy, written in terms of the fourier modes of the current operator 

In (|1.15|) the symbol Q 5,reg indicates the regularized axial charge operator given by: 

Q 5,re 9 = J- blb n - J2 blb n - J2 clc n + J2 4cn " ^ - 1 • (1-17) 

ri>0 n<0 n>0 n<0 

This expression is also derived from Schwinger regularization in |12j . where it is also shown that the corre- 
sponding expression for the regularized ordinary charge is in fact unchanged, i.e. 

Q = Q reg = XX6j,&n-cU0- 

Formulae closely related to (|1.15[) - (|1 . . but in the infinite Dirac sea context, can be found in [SJ §3], where 
they are derived using a gauge invariant heat kernel regularization to handle the arbitrarily unbounded 
negative energies which arise in that formulation. 

The aim in this letter is to recall how clasical bosonization results can be used to make sense of the above 
expression for H as a self-adjoint operator on the Hilbert space /C, and thence to clarify the vacuum structure 
and the anomaly in a mathematically precise way. These clarifications hinge upon an understanding of the 
gauge transformations, so we first discus s the action of the group M. of large gauge transformations. This 
leads to the correct boundary condition (|2.29j) which is required to complete the mathematical formulation 
of the Schwinger model in terms of the Hamiltonian (|1.15j) - (jl.l7|) . 



2 Action of M. and twisted periodicity 

We define a unitary action of the group M = Z = {gfq{x) = e 2 ^ lNx / L }^ e z of large gauge transformations 
on "Ho- The for mulae are best motivated by comparison with the natural expressions in the infinite Dirac 
sea - see [9l [12]. There is a unitary operator T, corresponding to the generator c?i, whose action on the 
non-interacting vacuum state is 

rrj = o_i = 6^400 • (2.18) 

The action on Fock space is then determined by specifying the action on the set of creation and annihlation 
operators, on which it acts as a modified shift operator: 

b n -> r^r- 1 = &„_! ,n^0, b Q ^ TboT- 1 = c\ 



with corresponding relations for the adjoints: 

bi -> rbir- 1 = bl_, , n ^ o , bl -> r^r- 1 = Cl 
4 -> r^r- 1 = cl +1 , n ? o , 4 -> r^r- 1 = &_ x 



(2.20) 



Lemma 2 TTie formulae (|2.18|) - (|2.20p determine an action of Ai = Z on Ho generated by T, with the 
property that Ttip — Clp-i for all P. Similarly there is a corresponding modified shift action for the 



inverse 



r 1 with (|2.18[) - (l2.20j) inverted, so that in particular T 1 ■ Hq — feJcJOo = ^i an d more generally 



r ^ • Op — Op+i. 

Proof This is a consequence of the fact that T acts as a bijection on the set of orthonormal basis vectors 
{^m,n} labelled by pairs of finite subsets of Z: in fact rf2 m n = tm.n^m',n' where i mn € {±1} is an 
unimportant overall sign and the subsets m', n' are given by 

m' = U mem , m ^ {m - 1} (0 G n) (2.21) 

= U rnem>m/0 {m-l}U{-l} (Ogn) (2.22) 

n' = U nen ^ {n +1} (0 e m) (2.23) 

= U„ en , n/0 {n+l}U{+l} (0£m). (2.24) 

This is clearly a bijection on pairs of subsets of Z of arbitrary finite size, whose inverse is of the same form: 
T^f^n = t m , n O'm/n where 

'm = U mem>ro ^_i{m + l} (Un) (2.25) 

= U mem>ro ^_i{m + l}U{0} (l£n) (2.26) 

'n = U„ en ,„^i{n-l} (-l€m) (2.27) 

= U„ en ,„ # i{n-l}U{0} (-10 m), (2.28) 

as can readily be verified. In the same way this corresponds to formulae for which appear in [12, §3.1]. 
All together this determines a unitary transformation 

r ^ ^ ^1*1,11^1*1,11 ^ ^ Lm.n ^m.n ^ra' ,n' 

of Ho which induces (|2~T5]) - (|2~2P|) . □ 

The transformation T commutes with Q and so preserves T-Lq, but it does not commute with Q 5 : for 
example fcgC^&Qcjilo is mapped into &2 c 3 c 2^-i^o, with the eigenvalue of Q 5 reducing by 2. Formally Q 5 r _1 = 
r _1 (Q 5 — 2) on J-q. The interpretation of all these formulae is that large gauge transformations can create 
and annihlate fermion/anti-fermion pairs in a way which seems naively to change the axial charge: an 
anomaly. Nevertheless we have: 

Lemma 3 The Schwinger regularizations of the axial charge (|1.17p . and of the Hamiltonian (|1.15[) - (|1.16[) . 
are unchanged by the action of Ai . 

Proof This is straightfoward to check, see [12j §3.4]. □ 
Now the gauge transformation g\ acts on the connection as a o+ j, and hence the requirement of 
gauge invariance means that we should regard the Hamiltonian H as an unbounded operator defined on K. 
with the following boundary conditions of twisted periodicity: 

— )=T- 1 *(0) and *'( — ) = r- 1 *'(0). (2.29) 
L L 



(writing prime for -4-). A suitable dense domain for the Hamiltonian is T>, the space of smooth functions 
taking values in which satisfy this twisted periodicity condition, i.e. the restriction to [0, ^] of the 
smooth J-Q-valued functions which satisfy ^(a + =?■) — T~ 1 ^(a) for all a € M. 



Lemma 4 T> C K, is dense in the norm \\ ■ \\k: on )C. The integration by parts formula ('J', $)/c = — (W, 
holds for \&, $ in U. 



Proof It suffices to first approximate 'J/ € /C by simple functions J2^ij( a )fj where fj € To and Jj are 

L 



measurable sets contained in a closed sub-interval of (0, =£-). Then approximate the characteristic functions 



lj. (a) by smooth functions compactly supported in (0, ^). The twisted periodicity condition is then trivially 
satisfied. The integration by parts formula holds since T is unitary on Hq. □ 

Rem ark 5 The Fock vacuum Qq, thought of as an element of K. which is independent of a, does not satisfy 
(|2.29j) and is not gauge invariant. It follows that the interacting (or physical) vacuum cannot be proportional 
to flo, or indeed any of the unexcited states Qp, since M. maps these states into one another, thus destabilizing 
the Fock vacuum. We shall see in §4\ that the physical vacuum is a linear combination of states of the form 
fp(a)tt P . 

Remark 6 If ^ satisfies (|2.29|) then § = e ieQ& ' T ° g ^ satisfies *(^) = e^^T -1 *(()), corresponding to a 
phase change in the definition ofT (which is clearly allowed by the above discussion) . The parameter is called 
the 9 parameter, and this transformation shows that it does not give any new physics, but rather corresponds 
to the choice of an equivalent representation for E tr - see J9[ §2 and §6]. 

3 Bosonization 

From 8 , and earlier references therein, it is known that associated to a free massless fermionic field is a free 
real scalar field $ with conjugate momentum IT, given at fixed time by: 

(3.1) 

n( x ) = J2n m e lk ™ x , nt n = n_ m 

where k m — 2rmr / L for m £ Z, and with [n_ m , $ m '] = —j^8 mm i (all other commutators being zero). 
This implies the relation [II(x'), <&(x)] = —j.J2e" lkm ^ x ~ x > = —i5(x — x') . The relevant representation of 
these commutation relations is related to the particle structure and as such will be determined later. The 
final conclusion will be the identification, after normal ordering and a shift of the vacuum energy, of the 
Hamiltonian for the Schwinger model with the Hamiltonian: 

Hs =lJo ( n{x)2 + mx)2 + 7 $(a;)2 ) dx ' (3 ' 2) 

for a real scalar field with mass ej 1 \pn. This is to be expected from Schwinger's work [TTj . 

The relation of $, II to the fermionic and electromagnetic fields of the Schwinger model is given by the 
formulae: 

1>rn = - ^/ (m) , n m = V^J 1 (m) , (m ? 0) 

lK m 

*o = 4^ tr ■ n o = ^Q^ rea = ^(Q 5 - — - 1) • 

e z L L 7r 

Here y(m) are the fourier modes of the current operators j M = tpj^tp: 

3 =2.^3 ( m ) e > 3 =2.^3 (m)e m . (3.4) 
The (m) may be obtained from the fermionic creation/annihlation operators from the formulae (for m € N): 

/H = - [Q R {-m) - /(-to)] , /(-to) = - [g R (m) - /(to)] , (3.5) 
3°{m) = \ [Q R (-m) + g L (—to)] , /(-to) = i [/(to) + /(to)] , (3.6) 



where 

e*M = -$>!<*-»"+ E ^ fc+m 4+E 6 l+«A> ( 3J ) 

fc>m 0<fc<m Ai>0 

Q R (-m) = - E c k-m c k + E c fe 5 -fe+™ + X! ' ( 3 ' 8 ) 

fc>m 0<fc<m Ai>0 

Q L {™)= E b k+m b k+ E C_fc_ m 6fc - E 4cfc_ ro , (3.9) 
k<-m -m<fe<0 fe<0 

e L (~™) = ^ + E & I ct - fe -m - E 4- w <* ■ ( 3 - 10 ) 



fe<— m -m<fc<0 fc<0 

The expressions (|3.7| - (|3.10p arise by considering the fourier expansion of the density operators p R ' L (x) = 
1^(1 ± 7 5 )-0(a;). They are precisely the quantities appearing in [SJ (3.1)-(3.4)] except for some conventions 
(ordering and the sign of the integer index on the ct operators has been reversed.) Notice the following two 
important features: 

• Gauge invariance: r p RL (to)]? -1 — p R > (m) ; 

• on the finite particle subspace Tq the expressions (|3.7p - (|3.10|l reduce to finite sums, and direct compu- 
tation yields: 

[g R (-m'), g R (m)} = [g L {m r ), Q L {-m)] = m<W , (3.11) 
for positive integral to, to', other commutators being zero. 

The relations (|3.11|) imply the commutation relation [II_ m , <& m '] = —j^8 mm ' required to ensure that the field 
defined as in (|3.ip is a canonical scalar field. The commutation relations p. lip suggest that for to € N the 

m~2Q R (—m) 1 mT2Q L (rn) (resp. m~ s ' g R (m ), mT 5 g L (~ tu)) repre sent annihlation (resp. creation) operators. 
In addition notice that in (|3 . T[) and (|3. 10[) (resp. (I3.8P and (|3.9[l ) the first and third terms merely shift the 
momentum of fermions already present, while the middle terms create (resp. annihlate) two fermions of 
opposite chirality, so that Q 5 = 2P is unchanged. This motivates the following result: 

Proposition 7 ([14], §4) The subspaces H p C Ho o,re irreducible cyclic sub spaces for the algebra of opera- 
tors generated by {g R (m r ), g L (m)} m m i giving rise to a Fock representation of the canonical commu- 
tation relations with cyclic vector tip which verifies Q R (—m)&lp = = g L (+m)flp for to G N. 

In [5] it is pointed out that the fcrmionic kinetic energy operator 

Hp) = |fc m | (blffim + c] n c m ) 

has the same commutation relations with the operators {g R {m'), g L {m)} m . m 'ez-{o} as the nonnegative 
operator 

T = T (A™)A-"0 + P L (- m )p L ( m )) > ( 3 - 12 ) 

(on each finite particle subspace F R ). From this it follows from the above proposition that on T p 

H% = T+<P\H° D \P>= T +^ 7 Q 5 (Q 5 ~2) (3.13) 

(Kronig's identity). In fact th e ide ntity f|3 . 13[) extends to an equality between self- adjoi nt operators on Ho, 
see [TU §5]. Combining with (|1.15p we obtain the following bosonized formula for (|1 . 15|) : 



4 The vacuum for Hq 

Since integration by parts is allowed by lemma |4] and T > as an operator inequality: 

(*,#o*>k> ^\m\i + ^iiQ 5 - reff *iiL (4-i) 

on V. Next, using the orthogonal decomposition Hq — ', we can write ^ — J^^p with ^p(a) S 
n F a Va and since Q 5 < re9 = 2P - ^ - 1 on H p we get 



,# *}k > E[|eII^ + ^n( 2p - v ~ ^hi*] ' ( 4 - 2 ) 
p 

5^^=11^11^ = ^11*111, (4.3) 



> 

P 



where i^n = tt^, using the standard lower bound for the oscillator which follows from the commutation 

relation a] = 1. Thus H > E onV. 

We will now show that this lower bound _E is realized on states of the form 

*o(a) =^2fp(a)Sl P . (4.4) 

The twisted periodic boundary condition (|2.29[) translates into the requirements 



/p+i( T )=/p(0), and /p +1 (-£)=/ P (0) (4.5) 



for the sequence of functions. We aim to solve Hs^o = -Eo*o under these conditions. Defining 

. . „ . 2nP 7r . „ r 2f,„ 1, 2n , „ 3 N1 

/(a) = / P (a+ — - z ) for a e J P = [— (P - -) , - — (P - -)] 

gives a function on the real line, and the eigenvalue equation Hs^a = -Eo*o is equivalent to the oscillator 
Schrodinger equation 

-La. 2 

which has a solution for Eq = e/(2^/ir) proportional to e 2 ^ e . Normalizing we define 

Li -La 2 

f(a) = -^r^ e2V¥ ' 

7TS ei 

and the vacuum state for Hq is 

* (o) = 5^/(0- -^(P--))fip, (4.7) 

Pez 

with normalization ||*o||x; = !• This recovers one of the results of [5] but transferred to the positive energy 
representation. 



5 The coulomb interaction 

Next consider the Coulomb interaction, which is formally \e 2 L J2 m ^ J°(— m)fc~ 2 j°(m). In order to obtain 
a de nsely defined operator it is necessary to subtract off the expectation with respect to the vacuum in 
(|4.7[) . Thus we consider the quadratic form 

^Lj2^mrnm\i-\\j°HMi)- 

Z m#0 m 



Noting that ||j°(m)£!p|| 2 = \m\ for each P it is easy to check from the exact expression (I4.7P that this 
subtraction is equivalent to normal ordering with respect to the bosonic algebra described in proposition [71 
and the corresponding operator is 



: H coul := l -e 2 L £ ^- : j°(-m)j°(m) : (5.1) 

m^O " 

with : j°(— to)j°(to) : given by 



1 (p R {m)p R (-m) + p L (m)p R (-m) + p R {m)p L {-m) + p L (-m)p L {m)) (5.2) 



L' 2 

for m € N , and 

1 

1? 

for —to G N . These two formulae can be combined into the formula 



(p R (-m)p R (m) + p L (m)p R (-m) + p R (m)p L (-m) + p L {m)p L (-m)) (5.3) 



: J (-m)j°(m) : = -^(p R (m)p R (-m) + p L (m)p R (-m) + p R (m)p L (-m) + p L (m)p L {-m) - \m\) . 

The fact that this operator is densely defined is now straightforward since up to a factor \/jrn| the p L ' R are 
just creation/annihlation operators, and the above expressions are normal ordered and are densely defined 
and essentially self-adjoint on the domain To- (See Theorem 1] for a dense domain for the case of massive 
fermions when bosonization is not available in the simple form used here.) 

Referring to (|3.3[) it is apparent that : H cou i := J2 m ^o ' ®ti®m ■ , and it is straightforward to check 
that formally 

H' = T+: H coul : = | £ + *)& m * m + 11^ 

Note that T is normal ordered by definition, see (|3.12l) . How e ver $ is not yet in the right representation: 
to complete the identification of the full Hamiltonian in (|3.14p - (|1.17p with (|3.2p . the Hamiltonian of a mass 
/i = e/y/ir scalar field, it is sufficient to obtain a unitary Bogoliubov transformation which dia gona lizes 
T+ : H cou i ■ and puts the fields into the appropriate positive energy representation. Following [5J [T3] this 
is done by means of a Bogoliubov transformation as follows: let V m = &~ 2 and A = ^e 2 , then defining the 
real-valued even function £(m) by 

77} = - tanh 2 C(w) 

XV m + IT 

the self-adjoint operator 

,_ 2ni C( m ) n, >. r / x 
Z = -rJ2 ^P R (m)p L (-m) 

generates a unitary transformation U = e lZ with the property that (putting transformed operators into 
boldface): 

H^Uff'U- 1 = ^ ^(l + ^™)^(p«(TO)p K (-TO)+p i (-TO)/(TO)) (5.4) 

2vr ^ r, 2AF ro s| AF m ■ 
+ — > m (H ) 1 

For m 6 N define 

A*, = -imT* p R (m) , A m = im~i p R (~m) , (5.5) 

and 

Al m = imT* p L (-m) , A_ m = -im~* p L (m) , (5.6) 



so that [A m , A m ,\ — S mm r for a non-zero integral m, w! . In terms of these operators 

H' = K + -) * \ A l A ™ + Al m AJ + Co (5.7) 

where Co € ( — oo , ) is the second line of (|5.4j) . 

This allows an identification of the interacting vacuum for the full Hamiltonian as follows. The Hamilto- 
nian is given by 

H = UFU- 1 = -^^ + ^{Q^f+Y J {kl+ e ^f[AlA m +Al m A_ m ] +C . (5.8) 

We use boldface to distinguish the dressed forms of the various states, thus defining Op = U _1 f2p we see 
that the vacuum energy is Eq + Co < Eq with corresponding eigenfunction 

*o(a) = ]T/( a -^)^> ( 5 - 9 ) 

The effect of the Coulomb term on the vacuum is to shift the energy down by a finite amount Co < and 
to map the non-interacting unexcited states Qp to their dressed versions Op. 
The fourier components of the dressed scalar field are given by 

* m = _L=(A m +ALj, (5.10) 



n m = -H/gf (A m ~Al m ), (5.11) 



with uj m — \ /km + — for m ^ 0, in terms of which 



h = mm- 1 = ^L(g 5 ' re 9) 2 + ■ (nt„n m + (*& + -)*l* m ) : +c 



2Lda 2 2L y ^ 2 

L 



m/0 



- J] : (Uln m + (kl + : +Co ■ (5.12) 



(This formula is the normal ordered version of (|3.2[) . The action of the dressing transformation U is trivial 

on the m = components, so that * = $0 = ^E tr , and n = n = ^Q 5 ' reg .) The existence of 
a self-adjoint extension is now straightforward but nevertheless it is interesting to see the role of twisted 
periodicity in ensuring that D is a domain of essential self-adjointness in the proof of the following theorem. 

Theorem 8 The symmetric operator H is essentially self-adjoint on T> C JC (with self-adjoint extension 
also written H ). 

Proof Since H is bounded below it is sufficient to show that H + A has dense range for large Ao > by 
[TU1 theorem X.26]. Consider the orthonormal set of vectors in 1-L P of the form 

n P = const. Y[(A} n ) nm n P (5.13) 

labelled by n — {n. m }mez-{o} > with n m £ NU {0} and only a finite number of the n m nonzero. Since 
Tp R ' L (m)T~ l = p R ' L (m) it follows from lemma [5] that 

m p = n F _ x . (5.14) 

(Strictly speaking to achieve this it is necessary specify that the normalization constants in the definition 
of Hp above are chosen independent of P, i.e. without any additional P dependent phase factors.) Now 



linear combinations of functions of the orthornomal set e liia Op o span a dense set in JC and so as first stage 
we want to solve (H + Ao) v f' = e liia f2 P for f e P. The boundary condition means that the solution 
must involve all values of P - as in (|4.7p we obtain a solution of the form ^ — J2p fp( a )^p- We can 
generate such a solution as follows: write K = Ulp where Ip = [— ^(P — \),— ^(P — §)] an d define 
f P (a) = f(a - ^(P -i)),0<a<^,PeZ, where /(a) is a function on K which solves 

~ IzS + ^ fi2 / + (K x + Ao + Co)/ = e ^ 5 -«-l JPo (a) , 

and JS^* = ^2 U! m n m is the bosonic excitation energy. (The twisted boundary conditions (|2.29p imply the 
matching conditions for /, /' exactly as in (|4.5jl ). For Ao + Co > it follows as in (|4.3|) that ||/||l 2 (r) < 
const. = \Ip a \/Eo = 2tt/(LEq). This is independent of P,Po,l,n, and so since the f2" are of unit length 
in Fock space and orthogonal for different P we get \\^\\^ = || Yip /pW^pIIk: — J2p \\fp( a )\\ 2 L 2^ 2^ = 
ll/llia/K) < (const.) 2 . Finally, by linearity (H + Xq)^ = c i,n,p e llLa Qp has a solution in V satisfying 
H^llic — (const.) 2 l c i,n,p | 2 < (const. ) 2 \\ Q,n,p e dia ^" II 2 ;, an d since finite linear combinations of the 
e zlLa n™ o constitute a dense set this proves density of the range of H + Ao. □ 



6 The anomaly equation 

In this section we derive the anomaly equation (|1.2p , which is the quantum analogue of the classical conser- 
vation law dfj,jj^ ssica , = discussed following (|1.5[) . In fact we will work with the dressed fields, indicated 
by the use of boldface as in and we will derive the fourier transformed version of (|1.2I) : 

$J*(m) + ik m j°(m) = — E TO (6.1) 

where 

E = E m e tkmX = E* r + E'°" 9 = E* r + ^ E m" 9 ^ ikmX ■ (6-2) 

where, referring to SJTJ the operator corresponding to the longitudinal electric field has fourier components 
E Zon S = _ e 2 j°(m)/(ifc m ), as determined by the Gauss law. Therefore by (|3~3l E m = e 2 *™/^- (As 
remarked at the end of Sj5]the dressing opera tion acts trivially for the case m = 0, and so Eo = Eq = E tr and 
= etc.) The anomaly equation (|6.1[) is therefore a consequence of (or, indeed, essentially equivalent 

to) the Heisenberg equation of motion tl m = —<jJ 2 n <& m since, by the definitions (|3.3p : 

1 1 e 2 1 
9 t /(m) + ik m3 °(m) = —(Jl m + fc 2 t * m ) - -=( * m ) = E m . (6.3) 

This holds as an equality of operator valued distributions on R. 

We can se e now that the anomaly occurs because we have enforced gauge invariance through the defi- 
nitions (|1.15j) - (|1.17[) which were derived from Schwinger gauge invariant regularization. But as was made 
explicit m|2]the action of large gauge transformations on the positive energy representation Fock space does 
not respect the chiral phase invariance of the classical theory and Q 5 is not invariant under this group action. 
Thus enforcing gauge invariance of the Hamiltonian under this group action necessarily leads to a theory 
which does not respect the chiral symmetry - it can be traced back to the introduction of a non-invariant 
vacuum ( "sea-level" ) in the positive energy representation. It is interesting to compare this with the picture 
of the spectral flow explained in [5] and [2 §6.6], in which the anomaly arises from the infinitely deep Dirac 
sea of filled levels (after regularization). 



7 Concluding remarks and relation with previous work. 

Since [TT] there have been many treatments of the Schwinger model in the physics literature, see the bibliog- 
raphy in [9] or [13H17] for a textbook treatment. The physics of the model and its massive generalization are 
discussed in [JJ . Much of the previous rigorous mathematical work on two dimensional quantum electrody- 
namics, both the massless case of the Schwinger model studied here and the general massive case of (QED)2, 



has employed functional integration in Euclidean space-time - see [3J |31 |H1 [HI US] ■ These developments give 
a rigorous treatment of the Schwinger model, though with less transparency in respect of the points itemized 
below. In jS] the Hamiltonian approach is pursued within the Stiickelberg indefinite metric formalism. In 
[2J the Coulomb gauge Hamiltonian for {QED)2 is shown to be densely defined and a comparison with 
functional integral methods is made. However it should be said that the problem studied in [2, §2], restricted 
to the massless case, is strictly speaking a different model to that considered here: it is Coulomb gauge 
(QED)2 on K restricted by periodic boundary conditions to the circle, rather than (QED)2 on the circle put 
into Coulomb gauge. (It is assumed that it is possible to eliminate the spatial component of the potential 
completely, which is not possible on the circle with a periodic gauge transformation but is possible with the 
whole real line as spatial domain. As a consequence the modular group M. does not appear in [2] , and there 
is no description of the anomaly.) 

In this paper we have provided a Hamiltonian formulation of the Schwinger model on the circle, in- 
corporating the insights from [S] (regarding the modular group and the anomaly) into the positive en- 
ergy representation. The advantage of this representation is that a rigorous definition of the Hamiltonian 
H = Hq+ : H cou i : from (|1.15[) - (|1.16p as a self-adjoint operator is then easily achieved through bosonization. 
Noteworthy conclusions are: 

• There is a nontrivial action of Ai = Z, the modular group of large gauge transformations, on the 
non-interacting Fock vacuum Slo given in [2] which maps fio to the unexcited states flp. The flp are 
eigenstates of the (unregularized) axial charge operator Q 5 with the following property: no excited 
fcrmionic state is occupied which has higher energy than an unoccupied one (amongst states with the 
correct sign of Q 5 ). 

• It is necessary to take into account this action of Ai in the defi nition of the Hamiltonian and currents 
in order to obt ain the "correct" gauge invariant expressions in (|1.15l) - (|1.17|) . These expressions, which 
are derived in |12j using Schwinger point-splitting regularization, contain terms which give rise to the 
anomaly in the chiral conservation law (jl.2[) and the mass of the fundamental boson described in 

• Even without "turning on" the Coulomb interaction the interaction between the fermions and the 
spatial component of the electromagnetic potential a destabilizes the gauge variant non-interacting 
vacuum Oo, producing an interacting vacuum which is gauge invariant (as expressed by the twisted 
periodicity condition (|2.29l) h There is an explicit formula for the interacting vacuum as a linear 
combination of segments of a ga ussian tens ored with Sip, wrapped around the circle S 1 — M./(2ir/L) 
in such a way as to satisfy (|2.29l) - see (14.71) . 

• The effect of turning on the Coulomb interaction is to transform the u nexc ited states Op into dressed 
versions Jlp, in terms of which the vacuum takes the same form - see (|5.9[) . 

It is to be hoped that the description of the Schwinger model and its anomaly offered here will, by virtue 
of its transparency, be helpful in further developments such as mass perturbation theory ([1] [4]), curved 
space-time and generalization to non-abelian gauge groups. 
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